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Tom M. Apostol 1999 [1]
$f(x)= \frac{1}{x}$ $\lim_{narrow\infty}(\sum_{k=1}^{n}\frac{1}{k}-\log n)$
$\pi\backslash \prime f\mathrm{f}^{\backslash }\text{ _{ }}C$
$\gamma$
D {$\Re^{\prime\grave{J}\backslash }\backslash \backslash y\text{ ^{}\backslash }$ $+4\grave{\supset}\grave{.}l^{J\mathrm{Z}}\mathrm{R}$
$f$
D. K. Knuth [2]














$f$ $\infty$ ) lim \sim f(x) $=\alpha$
$C(f)$ $E_{f}(n)$ :
$C(f)<f(1)$ , $\alpha<E_{f}(n)<f(n)$
$\sum_{k=1}^{n}f(k)=\int_{1}^{n}f(x)dx+C(f)+EJ(n)$ , $n=2,3,$ $\cdots$
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$f(x)$ $[1, \infty)$ $C^{(2m+1)}$ –class $\int_{1}^{\infty}|f^{(k)}(x)|dx,$ $(k=$
$1,$ $\cdots,$ $2m+1)$ $f$
$C(f)= \frac{1}{2}f(1)-\sum_{r=1}^{m}\frac{B_{2r}}{(2r)!}f^{(2r-1)}(1)+\frac{1}{(2m+1)!}\oint_{1}^{\infty}P_{2m+1}(x)f^{(2m+1)}(x)dx$
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$C(f)$ $( \sum_{k=1}^{n}f(x)-\int_{1}^{n}f(x)dx)$ $Ef(n)$ :
5
( )
$E_{f}(n)$ $=$ $( \sum_{k=1}^{n}f(x)-\int_{1}^{n}f(x)dx)-C(f)$
$=$ $\frac{1}{2}f(n)+\sum_{r=1}^{m}\frac{B_{2r}}{(2r)!}f^{(2r-1)}(n)-\frac{1}{(2m+1)!}\oint_{n}^{\infty}P_{2m+1}(x)f^{\langle 2m+1)}(x)dx$













Knut [2] $f(x)= \frac{1}{x}$
$P_{k}(x)$ Ji
$| \int_{n}^{\infty}\frac{P_{2m+1}(x)}{x^{2m+2}}dx|\leq\frac{4}{n}\sqrt{\frac{m}{\pi}}(\frac{m}{n\pi e})^{2\tau n}$ .
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33 $f(x)= \frac{1}{x}$ Apostol Knuth
$f(x)=dfrac1x$ : $c= \sum_{k=1}^{n}\frac{1}{k}-1o\mathrm{g}n-Ef(n)$ . $f$
$c^{(2m+1)}$ -class $m=3$ $\iota_{\mathit{4}}\backslash$ $f^{(m+1)}\underline{9}(x)=-(2m+1)!/x^{2m+2}$
$\oint_{1}^{\infty}|f^{(7)}(x)|dx=l^{\mathrm{o}\mathrm{o}}|$ $-^{5} \frac{040}{x^{8}}|dx=720$
$Ef(n)$




$C= \sum_{k=1}^{n}\frac{1}{k}-\log n-\frac{1}{2n}+\frac{1}{12n^{2}}-\frac{1}{120n^{4}}+\frac{1}{252n^{6}}+e(n\rangle, 0\leq|e(n)|\leq\frac{1}{42n^{7}}$
331 Apostol Knuth
Knuth 1962 [2] 1271 Knuth











$f_{k}(x)= \frac{(\log x)^{k}}{x}$ $k=0,1,2,$ $\cdots$
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$fk(x)$ $C(f)$
$C(f)= \frac{1}{2}f(1)-\sum_{r=1}^{m}\frac{B_{2r}}{(2r)!}f^{\langle \mathit{2}r-1)}(1)+\frac{1}{(2m+1)!}\oint_{1}^{\infty}$ $I$ 2 1(x) $f^{(2m+1)}(x)dx$
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$Re(s)>1$ , $0<a\leq 1$ Riemann-Hurwitz zeta $\zeta(s, a)=\sum_{n=0\mapsto n+a)^{s}}^{\infty 1}$ $s=1$
$\zeta(s, a)=\frac{1}{s-1}+\sum_{k=0}^{\infty}\frac{(-1)^{k}\gamma_{k}(a)}{k!}(s-1)^{k}$ , $s\neq 1$
$\zeta(s, 1)=\zeta(s)_{\backslash }$ $\gamma_{k}(1)$ $\gamma k$ :
$\zeta(s)=\frac{1}{s-1}+\sum_{k=0}^{\infty}\frac{(-1)^{k}\gamma_{k}}{k!}(s-1)^{k}$.
$s=1$ Stieltjes $\gamma k$
$\gamma_{k}=\lim_{narrow\infty}\{\sum_{j=1}^{n}\frac{1_{0_{\epsilon}^{\sigma_{1}^{k}}}j}{j}-\frac{1\mathrm{o}_{\epsilon}^{\sigma_{1}^{k+1}}(n)}{k+1}\}$ $k=1,2,$ $\cdot\sim$ .






$f_{1}(x)$ 3 $(m=1)$ $\gamma_{1}$
$\gamma_{1}=C(f_{1})_{m=1}=\sum_{k=1}^{n}\frac{\log k}{k}-\oint_{1}^{n}\frac{\log x}{x}dx-(\frac{\log n}{2n}+\frac{1}{12}\cdot\frac{1-1_{0_{b}^{\sigma}}n}{n^{2}})+e(n)$
$0<e(n) \leq\frac{1}{12}|\frac{3-21_{0_{\mathrm{t}\supset}^{\sigma}}n}{n^{3}}|$
1 $n=1\mathrm{O}\mathrm{O}\mathrm{O}$ 13 $\backslash$
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362 $\gamma_{1}$ 5





$fi(x)$ 7 $(m=3)$ $\gamma_{1}$
$\gamma_{1}=C(f_{1})_{m=3}$ $=$ $\sum_{k=1}^{n}\frac{\log k}{k}-\int_{1}^{n}\frac{\log x}{x}dx$
$-( \frac{\log n}{2n}+\frac{1-1_{0_{b}^{\sigma}}n}{12n^{\mathit{2}}}-\frac{11-6\log n}{720n^{4}}+\frac{274-1201\mathrm{o}_{\mathrm{t}>}^{\sigma}n}{30240n^{6}})+e(n)$
$0<e(n) \leq\frac{1}{840}|\frac{49-20\log n}{n^{7}}|$
1 $n=1\mathrm{O}\mathrm{O}\mathrm{O}$ 25
1: $\gamma_{1}$ ( 3,5,7 )
173
364 $\gamma_{1}$ ( $m$ ) $n$
( $m$ ) $n$
2: $\gamma_{1}$
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